Introduction
Fluid structure interaction (FSI) is responsible for generating vibrations in elastic structures. FSI can sometime lead to instabilities that will cause large violent oscillations in these structures. This instability is referred as fluid elastic instability (FEI) in the literature dealing with flow induced vibrations of heat exchanger tubes. In aircraft wing stability problems while in flight the instability is referred as flutter. The instability due to FSI in transmission cables is known as galloping.
In this thesis we are interested to study the FEI in heat exchanger tubes. In a typical cross flow heat exchanger (see Fig. (1.1) ), the tube bundles carry the primary fluid and the the secondary fluid is circulated across the tubes. For better heat transfer due to convection, the velocity of the secondary fluid should be reasonably high. However, at a critical velocity, due to FSI, the tubes can encounter FEI. In heat exchanger tubes due to FSI, mainly three types of excitations [1, 2, 3, 4] are possible that can trigger vibrations. These include, turbulence, vortex shedding, and FEI [5] .
Usually the vibration generated due to turbulence and vortex shedding is well controlled by the inherent damping present in the structure. However, when FEI is encountered the damping in the structure become positive, that means the damping forces will not stabilize the structure, instead they destabilize it. Once this instability is encountered, the structure will start to oscillate with large amplitudes which can cause fatigue. In heat exchanger tubes it is a common practice to provide gaps at the baffle plates and supports to allow for thermal expansion [6] . When the amplitude of tubes increases after FEI, they start to collide with the supports and baffle plates and this leads to fretting failure. In some critical applications like nuclear power plants, such a failure will be disastrous because the radioactive and non-radioactive fluids will get combined and can lead to radiation related medical issues or in worst case can cause explosions. In less critical applications like steam based heat exchangers where the primary fluid and secondary fluids are water, a failure of heat exchanger will cause the power plant to shut down and will cause economical losses to the power plant company.
The post FEI vibratory behavior of these tubes is highly nonlinear because of two reasons, firstly due to large amplitude vibrations, geometrical non linearity of the structure will come into play.
Secondly the vibro-impacting motions between the tube and the baffle plates or supports will give rise to impact non-linearity. It is important to understand the nonlinear dynamics of these tubes to obtain the frequency content of the resulting motion. This frequency information can be used for estimating the fatigue life of the tubes after encountering FEI. The FEI is complex phenomena and several researchers developed mathematical models for modelling it. Two popular and simple models are discussed below:
• Jet-switching model: Roberts [7] proposed a semi-analytical jet-Switching model to study FEI in cross flow heat exchanger tubes. Based on some preliminary experiments, it was found that instability is purely in the inflow direction, with adjacent tubes moving out-of-phase with each other. Later he found that the flow downstream of two adjacent tubes can be represented by two wake regions and assumed a jet flow in between a large wake and a small wake as shown in Fig. (1.2) . He demonstrated that how a self sustained oscillations can be induced in a tube. When a downstream cylinder moves upstream, the fluid enters into the large wake, thereby the large wake starts to shrink and jet starts to switch directions. When the drag force which helps the downstream motion is greater than that opposing the upstream motion, enough pressure difference is created for jet switching. When the velocity of the secondary fluid is sufficiently high [7] jet-switching will take place.
• Critical velocity model due to Connors and Blevin: Connors [8, 9] proposed a model to predict critical velocity of secondary fluid for initiating FEI for tubes in heat exchanger.
For a cylinder with mass per unit length m (including the mass of fluid through the tube), diameter D, natural frequency f n , logarithmic decrement δ, and with ρ being the density of the secondary fluid, Connors proposed a critical velocity V pc at which FEI will initiate. The expression for critical velocity V pc is give by:
By assuming that the fluid force acting on the cylinder is due to the relative displacement between cylinder and adjacent cylinder, Blevins [10] improved Conners formula (Eq. (1.1)).
Later Blevins modified his own analysis to account for flow-dependent damping. He suggested that for a quasi steady approach, the total damping factor in inflow direction (ζ x ) and transverse direction (ζ y ) has to be considered [11] . According to Blevin, the critical velocity is given by:
A large number of numerical and experimental studies are reported in the literature dealing with FEI of flexible tubes. The models used for the tubes range from simple single degree of freedom vibration models to more complicated continuous models of flexible beams. Similarly, the fluid motion can be modelled using quasi steady approach or by solving the full Navier-Stokes equation.
Ideally the structural motion of the tubes and the Navier-Stokes should be coupled to simulate the full FSI problem of tube and fluid interaction. In the next section we review the literature dealing with FEI in cross flow heat exchanger tubes.
Literature review
Ibrahim [6] recently (in the year 2011) wrote an excellent review paper on the topic of FEI in crossflow heat exchanger tubes. An interested reader is referred to his paper for a detailed review of literature dealing with several topics realted to FEI in heat exchanger tubes. In this section, we only review papers that are most relevant to our work. In order to analyse three dimensional flow distribution in heat exchangers, Wambsganss et al [12] developed a three dimensional hydraulic analysis code. For an industrial shell-and-tube exchanger, based on experimental observations, an empirical formula has been developed by Halle et al [13, 14] relating the tube vibration and the velocity of the cross flow. Chen [15, 16] experimentally determined the fluid force coefficients for a row of cylinders in square array, and the critical flow velocities were calculated as a function of system parameters. A time-domain forcing function equivalent to Connors [8, 9] equation has been developed by Sauve [17] . Eisinger et al [18] developed a finite element code in ABAQUS to simulate the FEI of non-linear tube bundles. Most of the studies related to heat exchanger tubes are based on axisymmetrically flexible tube bundles, in those cases the instability occurs in transverse direction to the flow. Violette et al [19] conducted a series of tests to study the FEI of cluster tubes. These tubes are more flexible in flow direction than transverse direction. They found that the FEI occurs at higher velocities only when the tubes are flexible in the flow direction.
To incorporate the vibration mechanisms due to vortex shedding, turbulent excitation, and FEI, Yetisir [20] and Weaver [21] developed an unsteady analytical model for fluid forces. The damping decay of disturbance was accounted by introducing a perturbation decay function. Taylor et al [22] conducted a series of tests on multi-span heat exchangers in the air and in water at three different temperatures (25 • C, 60
• C, and 90 • C). They found that damping consists of mainly three components, viscous damping along the tube, friction damping at the support and squeeze-film damping at the support. They concluded from the experiments that the damping does not change with the temperature and friction damping mainly depends on preload.
Rzentkowski et al [23] studied the effect of turbulence on FEI in tube bundles. The study was for a nonlinear flexible tube surrounded by rigid bundles and constrained to move in the transverse direction of flow. The analysis showed that turbulence of the flow can reduce the FEI limit (in terms of critical velocity) near an unstable bifurcation. However, near a stable bifurcation, the FEI limit was unaffected by turbulence. Weaver [24] found that clipping of the tubes in the heat exchanger may stabilize the system, also longitudinal clipping of three, four, or six tubes together increased the FEI limit.
Vibrations of long flexible tubes can be arrested by using baffles. It is a common practice to include small gaps between the tubes and baffles to allow for thermal expansion of the tubes. These gaps makes the system unstable at low velocities by exciting low frequency modes, this further develops as an instability due to negative damping.
To understand the nonlinear dynamics of tube impacting motions due to loose supports, Jacquart [26] experimentally. Later these experiments were modified by Vento et al [27] to study a two-dimensional motion of tubes by making a circular-support clearance at the mid-span of the tube. They found that the tube vibration depends on the instability level, initial conditions, and tube-support eccentricity. They found that due to friction between the tube and supports, the motion of the tube becomes planar after some impacts.
There are lot of computational methods available to predict the stability of vibro-impact oscillations. A dynamic-finite-element code (VIBIC) has been developed by Rogers et al [28, 29] , that can be used to predict the baffle contact forces of a single heat exchanger tube. A nonlinear analytical study was done by Cai et al [30] based on unsteady flow-theory to study chaotic vibration of the tube. Païdoussis et al [31] assumed that among all the tubes only one tube as flexible and studied its nonlinear dynamics. They found that, in a single loose support, the impact was occurring only when the velocity was above the threshold value of FEI. The oscillation becomes highly chaotic for a sufficiently high velocity. Based on the vibrational energy contained in a nuclear steam generator tubes, Fluit and Pettigrew [32] proposed a method to predict the fretting wear damage. This method is also used for analyzing the effect of loose support clearances on the fretting-wear rate.
Using analytical method Païdoussis et al [33] studied the chaotic vibration of heat exchanger tube impacting on loose support. They have included a delayed term to displacement. This entire study was based on a single flexible tube supported as a fixed-fixed beam with a loose support at the centre. Two different types of baffle models were considered, a cubic spring model and a tri-linear spring model. The results shows that the amplitude of oscillation grows after a critical velocity, and the tube starts to impact on the loose support. With further increase in the velocity a more complex motion of the tube is found and for a sufficiently high flow velocity the oscillation become chaotic. De Bedout et al [34] also came with a similar study using a magnetic transducer feedback controller to suppress flutter-type chaotic vibration in heat exchanger tubes. L.Wang and Q. Ni [35] studied the chaotic motion and Hopf bifurcation of a tubular cantilever beam, after following a similar procedure as reported in [33] . In this study they state that, the continuing chaotic vibration of the fixed-fixed beam may result in a support failure and can lead to the generation of a fixed-free boundary condition for the beam. They have also studied the effect of loose support location on the dynamics of the system.
Problem definition
In this thesis, we use the theory developed in [33, 35] to analyse FEI and post FEI nonlinear dynamics of heat exchanger tubes with multiple loose supports. As mentioned in [35] , the chaotic and quasiperiodic vibration of the beam with fixed-fixed boundary conditions may leads to the generation of cantilever boundary conditions once the support fails. However, in [35] the influence of already existing loose supports (at the baffle at the centre of the fixed-fixed beam) on the dynamics of the tube has not been studied. Therefore in this thesis, we study the dynamics of the tube with two loose supports. First one is due to the transformation of one fixed joint to a loose support the end.
The second one is due to the already existing loose supports at the mid span of the fixed-fixed beam.
The response and the bifurcation of the system with respect to the free-gap, system parameters, fluid flow velocity will be studied.
Thesis structure
The entire thesis has been formatted in six chapters. The first chapter covers the introduction; here we mention the practical applications of a oscillating tube because of fluid flow, the mechanism of the instability due to fluid flow in heat exchanger, and a detailed review of instability and vibro-impact oscillation in cross flow heat exchanger tubes. Then we define the problem that we are going to focus on. In the second chapter different types of flow-induced forces on a flexible tube has been described. The main instabilities are due to drag and lift force on the cylinder because of the fluid flow and fluid forces induced by impulsive body motion. Also we explain the formulation for delayed displacement term in the system equation due to the flow retardation. The third chapter models the flexible tube subjected to cross flow as Euler-Bernoulli beam and discuss its numerical simulations.
In the fourth chapter we discuss different approaches to to model an oscillating flexible tube with the baffle plate. In the last chapter we model the flexible tube with a cantilever boundary condition along with two independent baffles. Finally we conclude the entire thesis in chapter six. 
Flow retardation
In a fluid flowing tube bundle, if there is a case where a small change in displacement leads to a large change in the fluid force coefficient, then the retardation of the flow approaching the tube has to be considered. In a two-dimensional flow, this retardation in the flow has been accounted by introducing a delay term for displacement as x(t − ∆t) and y(t − ∆t) . The delayed term can be explained like this; the fluid impinge on the tube at time t would have impinged on the cylinder if the velocity had been steady. So one can assume a steady velocity after introducing a delay to displacement terms as explained above. The quasi-steady theory of wake-induced flutter for a rigidly fixed wake-generating body had been discussed in [37] , and obtained the expression for time delay.
Later this method has been used in [36, 38] to analyse the retardation effect in cross flow tube arrays.
Here, a brief derivation has been presented to obtain an expression for the time delay ∆t associated with the flow past cylinder. When a fluid flowing with a constant velocity U impinging on a tube, then the time taken to travel the fluid from a distance x = x 1 to x = R + ∆R is given below:
where R is the radius of the tube. When a fluid flow approaches near to the tube stagnation point, the velocity get retarded. Now if the approach velocity is taken as varying velocity, U apr , then the time travel is calculated as follows;
Using potential-flow theory around an isolated cylinder, then
Simpson and Flower suggested in [37] , that x 1 is assumed as large when compared with ∆R. Then we get the following expression for ∆t:
For a specific value of ∆R, one may write the above expression as;
According to [36] for a rotated triangular array (P/D = 1.375) µ = 1. Where D is the tube diameter and P is the tube bundle pitch. In this thesis the same value for µ has been used.
Drag and lift force on cylinder due to fluid flow
The distribution of pressure around an object in a moving fluid is not uniform. This non-uniform pressure distribution leads to the generation of drag force along the flow direction and lift force along the transverse direction. With reference to the Fig 2. 1, the force acting on the i th tube in drag direction is 6) and the force acting on the i th cylinder in lift direction is
A detailed derivation of the above expression is given in [36] . Here, ρ is the density of the flowing fluid with free stream velocity U ∞ over the cylinder tube. L and D are the length and density of the cylinder respectively. C D and C L are the non-dimensional drag and lift force coefficients with respect to U ∞ . The term a is the ratio of reference gap velocity (U G ) to free stream velocity and is defined as a = U G /U ∞ . We assume that C L can be expressed in linear form as follows;
similarly we expand C D as
here x and y are assumed as small displacements. Substituting the above expressions (Eq. (2.8) and
Eq. (2.9)) in Eq. (2.7) and in Eq. (2.6) we obtain the drag force F x as follows:
After neglecting xẋ and yẏ and introducing the delay in the displacement terms as in section 2.1, one can get the following expressions for the drag and lift forces
, and
Fluid forces induced by impulsive body motion
When a fluid flows around an object in a closed fluid domain, a force induced by the impulsive body motion will generate. This impulsive force was obtained after analysing the continuity and Navier-Stokes equations, and a force model for fluid force induced by an impulsive motion of a body subject to cross-flow has been developed in [39] . For a cylindrical body, the fluid force induced by impulsive body motion along the drag direction (x) and lift direction (y), is given as follows;
where C ma is the added-mass coefficient matrix in a quiescent fluid.
Resultant fluid forces acting on a tube in a tube array along the lift direction
In the case of symmetrically positioned single flexible tube with respect to the adjacent cylinders, the following conditions hold
Generally the coupling terms in the added mass matrix C ma are very small, so Eq. (2.11) and
Eq. (2.13) can be combined in the decoupled form as follows
As we discussed in the introduction, for a cross flow, the instability is mainly because of lift forces and the contribution of drag force on instability is less. Since the forces along x and y direction are decoupled, the force along the lift direction can be written as follows
In an upstream-cylinder a must be unity, because the approach velocity is U ∞ . Therefore, for cylinder q, we take U ∞ = U G = U . Hence, the lift force F acting on a flexible tube, surrounded by several rigid tubes, under cross flow can be written as follows;
If we take q as flexible tube surrounded by many rigid tubes, the above force (Eq. (for two dimensional analysis) with external excitations. Now, if we take more modes, the system has to be modelled as Euler-Bernoulli beam with external excitation. For a long tube, the high amplitude oscillation is restricted by placing many supports along the span at different locations, known as baffles. As we discussed in section 1.1, the diametrical expansion the of tube is allowed by making gaps at tube-baffle contact. And this gap allows the tube to oscillate in some extent, that leads to chaotic oscillation.
The equation of motion of the beam
With reference to Fig. 3 .1, the equation of motion of Euler-Bernoulli beam [33, 35] is given below (see Eq. (3.1))
Where w = w(x, t) is the lateral displacement of the tube in perpendicular direction of the fluid flow.
E is the Young's modulus, I is the second moment of area, and c is the beam structural damping coefficient. The mass per unit length of the beam including the flowing fluid mass through the tube is given as m. For a constant fluid flow with a velocity U , the mass m is also constant.
A baffle has been kept at a distance x = x b as shown in Fig. 3.1(b) . In realty the baffle is a rigid support, but in this study a spring with high stiffness has been used to model it. In this thesis two baffle models has been studied. The first one is a cubic spring model and the second one is tri-linear spring model. The support force because of baffle is defined as δ(x − x b )f (w), where δ is the Diracs delta function. The RHS term F (w,ẇ,ẅ) is the external force acting on the tube due to the fluid flow and has been derived in section 2.4. Here y = w(x, t) and F = F (w,ẇ,ẅ). On substituting 
where
Non-dimensionalisation
The non-dimensionalisation removes the units of physical quantities partially or fully by a suitable substitution. We introduce the following non dimensional variables
Where L and D are the length and diameter of the tube respectively. For more clarity in the derivation, first let us non-dimensionalise Eq. (3.2) except for the last two terms as follows:
Ω1m in the above equation (Eq. (3.5)), the second term becomes
, the third term of Eq. (3.5) becomes
C ma in the above equation and finally Eq. (3.5) can be rewritten as
where λ 
So the fourth term of Eq. (3.2) becomes;
and finally the last term of the Eq. (3.2) can be written as
. So after considering all the above derivations, Eq. (3.2) can be written as follows
Finally we obtain a non-dimensional partial differential equation (Eq. (3.13)) in η and τ . In the next section the partial differential equation will be descritized to get a system of first order delay differential equations using Galerkin method.
Discretization using Galerkin approximation
For a beam, the contribution of higher modes in the response is negligible when compare with lower modes. Therefore, we assume a series solution with N number of terms as shown below 
Where φ = φ(ξ) and φ iv = and for Dirac δ function one can arrive the following expression
so Eq. (3.15) becomes
Generalized equation of motion in first-order form
The equation of motion (Eq. (3.19)) can be written in the state space form as shown beloẇ 
, where
here υ i is the ratio of non-dimensional natural frequencies to the first non-dimensional natural frequency. For small damping, the damping term is replaced by modal damping δ i υ i /π. The matrices A and B are defined as follows:
and I is the identity matrix of the size N × N . The force vector F has to come from baffle type and node on which the baffle has been fixed. In the coming chapters we will discuss about F in detail.
Numerical solution
In the previous section we have arrived at 2N first order delay differential equations (see Eq. (3.20)).
Solution of these equations can be obtained by integrating numerically with the help of fourthorder Runge-Kutta method with appropriate time step. Since Matlab has its own delay differential equation solver "dde23" we use the same solver for finding the solutions.
In the upcoming chapters we will demonstrate three different modelling of the flexible heat exchanger tube by considering appropriate boundary conditions. Since we have already non dimensionalised all the physical quantities, we remove the 'tildes' on the symbols from now on for clarity.
Chapter 4
Fixed-fixed beam modelling
In this chapter, we follow the same modelling as discussed by Païdoussis [33] . 
Shape functions
For a unit length fixed-fixed beam, the shape function φ(ξ) (see Eq. (3.14)) are given by
It has been found that the effect of the higher modes on the magnitude of vibration is negligible.
So we use only five modes for the entire simulations. The dimensionless eigenvalue λ i is given below 
Hopf bifurcation
When a system losses its stable equilibrium and goes to an amplified steady oscillatory state, it is knows as Hopf bifurcation. The non-dimensional velocity at which the Hopf bifurcation of the system (Eq. (3.19)) occurs can be found out by the following method. After keeping all parameters constant, increases the non-dimensional velocity U gradually from zero until the system losses its stability.
This velocity at which the system losses stability is know as critical velocity (U H ). Thereafter, for any velocity grater than critical velocity, the systems amplitude starts to increase. But for a nonlinear system, the nonlinear forces counter-balance the further amplification and it reaches a steady amplitude. For the entire thesis, unless otherwise mentioned, we use the following parameters
Substituting the above parameters in Eq. (3.19) and then dropping the forcing termf (η b ), we obtain the following equationq
where β 1 = 0.0145υ i , β 2 = 0.00524, β 3 = 0.76υ 
At Hopf bifurcation (the flow velocity become critical velocity, U = U H ) and ω i should be purely real, and this gives the follows equations:
On solving Eq. (4.8) for U H and ω i we get the critical velocity corresponds to different mode shapes as shown in the table 4.1. Table 4 .1: Critical dimensionless flow velocity with non-dimensional natural frequency for a fixedfixed beam corresponds to the mode shape.
critical velocity (U H 1.785), the amplitude of the system increases. In our case because of the impact forces, the decoupled system (Eq. (4.5)) become coupled. So it is not possible to treat the system as a set of independent equations, hence critical velocity also changes. Results related to coupled systems are presented in the next sections.
Constrained force modelling
The restrained forcef (η b ) (in the system (Eq. 3.19)) because of the impact of the tube on the baffle has to be modelled mathematically. Ivanov [40] has proposed an analytical model to study the response of a vibro-impact systems. His method can be used to analysis the vibration of beam with a rigid stopper along a single transverse direction of the beam. Since in our case the baffle has to be kept in such a way that, a restricted oscillation of the beam should be allowed in both directions. So the model proposed by Ivanov [40] cannot be applied to baffle type stoppers. Inorder to overcome the above difficulty, Païdoussis [33] has used a spring model with high stiffness.
He mainly considered two different types of springs, first one is a cubic spring and other one is a tri-linear spring model. In section 4.4, the bifurcation and the time response of the system has been shown for the cubic spring baffle. Likewise in section 4.5, bifurcation and the time response of the system for the tri-linear spring baffle are also shown.
Modelling of baffle as a cubic spring
As we discussed in the previous section, we consider a cubic spring model to represent a baffle. The equation of a cubic spring with a spring stiffness κ is defined as follows
The variation of the force with respect to deflection of the cubic-spring (for κ = 1) is shown in the tube osculations will be arrested by the high restrained force of the cubic spring, to some extent.
For the entire thesis work, we select κ = 1000.
Substitute the the series solution (Eq. (3.14)) to the forcing term (Eq. (4.9)), the forcing vector 
Bifurcation due to symmetric loading
In this section we study the bifurcation and time response of the system with a cubic spring placed at the mid-span (ξ b = 0.5) of the beam. Fig. 4.3 shows a bifurcation diagram of the system with respect to the dimensionless velocity U . From Fig. 4 .3 it is clear that the system is stable for any velocity U less than 1.78. However, at U = 1.78 the Hopf bifurcation occurs, thereafter the system start to lose its stability which leads to the birth of limit cycle. It has been observed that the system show an unstable response for a velocity range of U = 1.78 to U = 2.1. However, when we increase the velocity further, the amplitude of oscillation start to grow and maintain an amplified steady state until U = 3.6. At this stage the system shows two steady extreme displacements. On a further increase of the velocity beyond U = 3.6, it again starts to bifurcate (first post Hopf-bifurcation) and shows the phase plot and the time response at a velocity U = 3. It is clear from the response curve (Fig. 4.4(b) ) that, the amplitude of oscillation was very less for a particular range of time. Further increase of time leads to an unstable state but later it will settle to an amplified steady state, at this stage (as we discussed in the previous paragraph) the phase diagram ( Fig. 4.4(a) ) gives a limit cycle. This time response and phase diagram indicate that that the tube is impacting the loose supports on both sides.
We have already seen from the bifurcation plot that a post-Hopf bifurcation starts at U = 3.6
and is also evident in Figs. 4.4(c)-(d) . At U = 3.6, after leaving the first spring and before hitting the opposite spring, the tube oscillate locally one more time. That is why the phase plot have one rotation before changing the displacement sign. When we increase the velocity U further, the response of the system becoming more and more complex. But some local steady state solutions were observed, the response is not chaotic when we take the velocities in between U = 4.85 and U = 4.95. The period of the oscillations are clearly visible from each response curve. For a chaotic system, since the number of possible amplitude of oscillations are more it is very difficult to extract the period of the response.
Bifurcation due to asymmetric loading
In the previous section, we were discussing about the symmetric loading, where we kept a cubic spring at the mid-span of the tube and measure the response at the ξ = 0.5. Now in this section we will briefly study the effect of an asymmetric loading after keeping the baffle at ξ b = 0.45. Figure. we compare both cases of symmetric and asymmetric loading, a symmetric loading shows steady response throughout the velocity range, whereas at some points the asymmetric loading shows an unstable and more chaotic response.
Modelling of baffle as a tri-linear spring
As we discussed in the section 4.4, a cubic spring model closely resemble the free-gap mathematically.
But to recognize a physical model of free-gap exactly, the following tri-linear spring model has been used:f
When compared with a cubic spring, a tri-linear spring with proper selection of free-gap d g and spring stiffness κ defines better approximation to a physical baffle. A schematic diagram of tri-linear function is shown in the Fig. 4 .9. It is clear from the figure that the restrained force corresponds to the deflection ranges from −d g to +d g is zero. But beyond these limits, it shows a linear variation of restrained force with respect to the deflection. The magnitude of restrained force depends on the value of κ. When we increase the κ to higher value, the restrained force also become very high, and the spring will represent the physical rigid baffle. Note that the value of d g mentioned in the figure is taken only for demonstration purpose. The forcing vector F of Eq. 3.20 is defined as
Where F 1 is a zero vector of order N × 1 and for a tri-linear spring F 2 is given below; 4.11(a)-(b) ) even though the systems amplitude is less it shows an increasing trend, so this operating velocity range is not recommended for the system. When the velocity has been increased to U = 2.1, the system becames chaotic with a finite displacement. But it can be observed that for a velocity U = 2.6 and U = 2.85, the system is not chaotic, Fig. 4 .11(e)-(f) and Fig. 4.11(g )-(h) shows the corresponding time response. But in between U = 2.6 and U = 2.85 highly chaotic responses are observed. Likewise we can expect other high velocities at which the system oscillate with a steady and non-chaotic way. In an ideal case one can find these points to operate the heat exchanger system where the system oscillate with an amplified steady state.
Bifurcation due to asymmetric loading
Like in section 4.4.2, for an asymmetric loading the tri-linear spring has been placed at ξ b = 0.45 and the amplitude of the oscillation at ξ = 0.5 is measured. The diagram (Fig. 4.10(b) ) shows that after U = 2 the system is completely chaotic. Figure 4 .12 shows the phase plot and the time response at different flow velocities as mentioned in the caption. When we compare an asymmetric loading with a symmetric loading, there no difference in the critical velocity. But because of the offsetting of the spring from the mid-span of the tube, the amplitude of the oscillation at the mid-span is more than that of a symmetric loading. Chapter 5 Fixed-free beam modelling
As discussed in the section 1.2, the chaotic and quasi-periodic vibration of the beam with fixed-fixed boundary conditions may lead to the generation of cantilever boundary conditions once the support fails. But the free end is allowed only to oscillate within a small free-gap. So the loose supports at the free end is replaced with a high stiffness spring. Also the influence of already existing loose support at the centre of the beam has to be studied. So in this chapter we will model the system as an Euler-Bernoulli cantilever beam with two loose supports, one at the centre and the other one is at the free end.
Shape functions
Like fixed-fixed beam, the the contribution of higher modes on the systems response in negligible, so maximum five modes have been considered to approximate the series solution (Eq. (3.14) ). The shape function of a unit length fixed-free beam φ(ξ) (Eq. (3.14)) is defined as below
where;
and the dimensionless eigenvalues are given by 
Hopf bifurcation
In this section the critical velocities of a fixed-free beam has been studied. Like we discussed in section 4.2, one can arrive at the same equation as given in the Eq. 4.5 for a cantilever beam Table 5 .1: Critical dimensionless flow velocity with non-dimensional natural frequency for a fixed-free beam corresponds to the mode shape. 
Loose supports as a cubic spring
In this section, we model the loose supports as cubic springs (see In Fig. 5.4 , we shows the phase plots and the time responses corresponds to the mid-span of the tube (with reference to Fig. 5.2(b) ). It can be observed that at U ≈ 4.4 there is stage where both system displacement and system velocity goes near to zero (see Fig. 5.4 (a)-(b) ). When we increase the flow velocity further, the system oscillate locally around the stable point (system displacement and system velocity is zero) with a lesser amplitude (see Fig. 5 .4 (c)-(d)). It can also be observed that, for steady state oscillation, the mid point of the beam oscillate with a maximum six peak points, after U = 4.48 the system become chaotic. If we divide the velocity ranges into three regions: the stable state, the post-Hopf bifurcation and the chaotic region, it has been observed that the entire system response is same. That means the the system is stable before U = 1.75, a post-Hopf bifurcation stage in between U = 1.75and U = 4.85, and a chaotic region after U = 4.85.
Loose supports as a tri-linear spring
As we discussed before, a tri-linear spring can replicate the free-gap between the baffle and the tube of a heat exchanger. Moreover if the stiffness of the spring is high, it can model as a physical rigid baffle. In this section we study the effect of the free-gap in the system response.
With reference to Fig, 5 .1, we consider three different combinations of γ 1 and γ 2 after keeping the stiffness of both springs κ 1 and κ 2 to a constant value (1000). Let us assume that the free-gap at the mid-span γ 1 = 0.02 is a constant and take three different cases for the free-gap at the tip of the beam. The first one; free-gap at the tip is less than the free-gap at mid-span. The second one; equal free-gap at both tip and mid-span. The last one; free-gap at the tip is greater than the free-gap at mid-span. shows a lower amplitude when compared to response after U = 3.8. Also at this range, it can be observed that the mid-span of the tube shows an average of four extreme amplitudes. On further increase of the velocity after U = 3.8, it shows a sudden increase in the amplitude. After U = 3.8 it can be seen the the mid-span oscillate many times locally near to the zero displacement. shows that the system is chaotic for any velocity beyond U = 1.75. when we increase the flow velocity beyond critical velocity, the system damping has been reduced which amplifies the amplitude of oscillations. A further increase in the velocity makes the system into a negative damping state and it stabilizes the system, this negative damping is because of the generation of nonlinear forces. So this leads to the birth of the limit cycle. A further increase in the velocity leads to the generation several post-Hopf bifurcations. After a particular velocity, the tube impacts on the loose support and the oscillations become more complex and chaotic.
When a loose support has been modelled by a cubic spring; the bifurcation diagram shows that for a velocity less than the critical velocity, the effect of the cubic spring force is negligible. When the velocity has been increased slightly the spring force starts to influences the system response.
This shows that the tube has started to contact with the loose support. Now a further increase in the velocity beyond a sufficient velocity, the system response become chaotic.
When a loose support has been modelled by a tri-linear spring, the system become chaotic after the critical velocity. At this stages the bifurcation diagram shows that, a further increase of the maximum amplitude with the velocity is negligible. So the tri-linear spring closely resembles the free-gap of a physical rigid baffle.
It has been found that the spring which was kept at at the free end of the cantilever beam
